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Abstract: Owing to the remarkable success of the hypergeometric function of
one variable, the authors present a study of some family of hypergeometric func-
tions of two variables (for example Kampé de Fériet’s hypergeometric functions
in two variables). The main aim of this paper is to provide several (presumably
new) summation formulas for appropriately specified numerator and denominator

parameters of the family in double hypergeometric functions having two equal ar-

o=l 1-v2 £ 1 3 2-v3 -1 4-3V2 1 8 V2-1 _
guments such as: 5, <52, =5, 1, 5, T, 5 T 90 o \/§+1’2\/§ 2 and

12¢/2 — 16. The methodology and techniques which are used in this paper, are
based upon general double series identity obtained by using two-balanced summa-
tion theorem associated with Clausen hypergeometric polynomial with argument
unity.
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1. Introduction
In the usual notation, let R and C denote the sets of real and complex numbers,
respectively. Also let

No=NU{0} , N={1,2,3,...}=N\{0} ,
Zg ={0,-1,-2,...}y=2"U{0} , Z ={-1,-2,-3,...}
and Z = Z, UN being the sets of integers.
1.1. Pochhammer symbol
In terms of Gamma function I'(z), the widely-used Pochhammer symbol (),
(A, v € C) is defined, in general, by
I'(A+v)

(A), = IO , (A +v and XeC\Zy)

1, (v=0;AeC\Zy),

n

AMN+D) . A+n=1)=]JA+j-1), (v=neN;AeC), (L)

j=1
it being understood conventionally that (0), := 1 and assumed tacitly that the
I' quotient exists see, for details, [43] and [44].

1.2. Generalized hypergeometric function

Here generalized hypergeometric function ,F, with p numerator parameters
ai, g, ..., and ¢ denominator parameters 3y, Bs, . .., 3, is defined as, see ([35,
pp. 71-72]] and [44, p. 41, et. seq.]).

1,09, ..., 0y, j=1 ¥
o B A D) P ——— 1.2
Pl B By By } 2.5 o (1.2)

(p, geNy; pSqg+1l;pSqgand|z|<oo; p=¢g+1and|z] <1

p=q+1,|z|=1and R(w) >0; p=q+1,|2|=1,2# 1land 0 > R(w) > —1),

where

q p
w = g B — g o,
J=1 Jj=1
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(/€ C U= 1200 6 ECZ( = 120)).

1.3. General double hypergeometric function of Kampé de Fériet
In 1921 Kampé de Fériet initiated the study of the case B = C' and £ = G of
the double hypergeometric series:

asc | (aa): (bp);(co); - H?:l(aj)m-HI Hf:l(bj)m Hf:1<cj)n ™y
Fpela [ . : x7y1 = Z D E G '
7 : m,n=0 Hj:l (dj)m+n Hj:1(€j)m Hj:1(gj)n m! n!
(1.3)

In the left hand side of equation (1.3), the notation for double hypergeometric
function was given by Srivastava- panda [45, p.432, Equation (26)].

For the double hypergeometric series, Srivastava and Daoust [41] deduced from
much more general results (proved by them) that

(i)If A+ B> D+ FE+1and A+C > D+ G+ 1, then the series (1.3) diverges
whenever x # 0 and y # 0.

(ii)) f A+ B=D+E+1and A+C = D+G+1, then the series (1.3) converges
absolutely, provided that

max{|z|, [y} <1 when A<D

\::r;]ﬁ + \y[ﬁ <1 when A>D.

(i) f A+ B< D+ E+1and A+ C < D+ G+ 1, then the series (1.3)
converges absolutely for all z,y € C.

The Appell’s double hypergeometric functions Fy, F», F3 and Fjy [12, p. 224,
Equations (5.7.1.6), ..., (5.7.1.9)] are denoted by F11::01;;017 Folflljll, F{)g’g and Fgfﬁf
respectively and their seven confluent hypergeometric functions ®,, @5, 3, ¥, ¥y,
By, By are given by Humbert [14], [15], see also [36] and [37].

For the absolutely and conditionally convergence of double hypergeometric se-
ries (1.3) readers can refer a stunning paper of Hai et-al. [13].

1.4. Cauchy’s double series identity see [35] and [44]

DY Alkn) =YY A(k,n—k), (1.4)

n=0 k=0 n=0 k=0
provided that both sides are absolutely convergent.

Remark 1.1. Any values of parameters and arguments in following sections, lead-
ing to the results which do not make sense, are tacitly excluded.
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1.5. Two-balanced summation theorem

Prud III [26, p 539, Equation 7.4.4 (89)], Andrews-Askey-Roy [2, p. 179 Ques-
tion 15]

abt+c®—ac—bc—c
o I b 1 = (c—a—1)p(c—=b—1), ( c—a—b—1 )n
2l e 24a4+b—c—n;  (Onlc—a—b—1), (ab-i—c?—acc_—abfgzti-&-a—l—b-&-l) ’
(1.5)

<n eENya,b,c,24+a+b—c—mn, c—a—b— 1,dtezacbe2ctatbil o (C\Zg) .

c—a—b—1

Putn=m,a=pb=a—fF—3,c=a+ [+ in (1.5), we get

(1.6)

3F2[‘m’ B, a=F-3; 1} - (@ —13),, 20)m(28)m

1
a+B+i1-p-m; a+B+1) (Bm2a—1),

1
<2a—1, ﬁ,a+ﬁ+§,1—ﬁ—m€C\Za and mENO).

A number of expansion, reduction, summation and transformation formulas
for hypergeometric function of two variables have been developed in the existing
literature (see, for example, [9], [10], [11], [16], [41] and [42] and the references cited
in each of these works.) Our present investigation is motivated by the work of [9],
[10], [41], [42], [43], [44], [45] and [46] and other authors.

Further, in section 2 we obtained a general double series identity and a reduction
formula for Kampé de Fériet double hypergeometric function in terms of generalized
hypergeometric function of one variable.

In section 3, by specializing the numerator, denominator parameters and argu-
ments in reduction formula, we obtain some interesting hypergeometric summations
formulas for Kampé de Fériet double hypergeometric function having equal argu-
ment.

2. Main Results

In this section, we derived a double series identity involving bounded sequences,
by the application of special case of two-balanced summation theorem for Clausen
hypergeometric polynomial 3F5(1).

Theorem 2.1. Let us assume that {CD(,u)}Zo:l be a bounded sequence of essentially
arbitrary complex or real numbers such that ®(0) # 0, then following general double
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series identity holds true:

. (B)m(B)n (= —3) 2"t & ) (28)m (o — 3) 2™
m;()@(mm) (a+p+3),mn! mzocb (a+ B +1) (20— 1),m!’
(2.1)
(a+5+%, 200 — 1€ C\Z; ; zG(C),

provided that the infinite series occurring on both sides of the above assertions
are absolutely convergent.
Proof of assertion (2.1).

Replacing m by m — n in left hand side of assertion (2.1) and using Cauchy’s
double series identity (1.5), we get

- B)m(B)n (@ =B —3), 2
Z ®(m +n) (s F+ 1) minl

m,n=0

00 m o Y~
:mch(m)—z 75?’” sFy a+5”j’§7’f‘_§_w§; . (22

Now using the summation theorem (1.6), we get the right hand side of assertion
(2.1).

2.1. Reducibility of the Kampé de Fériet double hypergeometric func-
tion

Now we establish a result for the reducibility of the Kampé de Fériet double
hypergeometric function

Put. () = (Coettie ool

in above double series identity (2.1) then applying the definition of double hyper-
geometric function of Kampé de Fériet and generalized hypergeometric function of
one variable, we get following reduction formula

i (dD)iﬁaa—ﬁ—%iﬁ;
BLO | (ep): a+fB+3 ;-

) MGNO'

(dp),2a,20, a0 —
a—i-/B-I—l 200 —

Y

(2.3)

1.
2
1

} ol [ (ex),

Where D=FE, |z2|<1 ; D<FE-1, |z]<o.
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A particular case of (2.3).
Put D = 2, d1:a+ﬁ+%, dy=2a—-1; FE =2, 61:(1—%,
main hypergeometric reduction formula (2.3), after simplification we get

2. +8+i2a—-1:8, a—p—13% 3 20, 203,
g atBtg2a-1:p, 2B Lo [ 2% ] o
210 a—35,9: a+f+35 5 —; ;

ey = g in

Y

Both side of (2.4) are convergent when |z| < 1, for detail see convergence
condition of equations (1.2) and (1.3).

3. Application

By specializing the numerator, denominator parameters and arguments in re-
duction formula (2.4), we shall obtain some summation theorem for double hyper-
geometric function of Kampé de Fériet as

e Puta=1%,08= aT“, g= 2“5“2, z = % in (2.4) and applying the result recorded

by Andrews et al. [2, p.131 Entry (3.1.20)], we get

2a+3 a—2 . at+l —-3.a+l.

F2:2.1 4 0 2 4 ) 49 4 § § _ (é)a (W)F(2a;_2)
PEO s 2at2 . 2043 99 2) T
) T 3 4 ) )
2 2
< a; e C\Zs ) . (3.1)
e Puta=§,8= ‘LT“, g= %, z= % in (2.4) and applying the result recorded

by Andrews et al. [2, p.131, Entry (3.1.17)]; Abramowitz [1, p.557, En-
try(15.1.30)]; Kummer [18, v-4]; Per W. Karlsson [17, p.330, Equation (1.1)],

we obtain
2043 a—2 . atl —3.a+l
, 1 2 4020 40 11
Fﬁf&[ 99| =
a—2 2a+5 2a+3 .
1 6 1 T
() VIrE) (5 Vn)D(22) (25 ez
1) repres ~ ) reEes) 0 e S5
(3.2)
e Put @ = 4,8 = 22 g = 25 > = =L in (2.4) and applying the result
recorded by Andrews et al. [2, p.177, Question 3(a)], we find
atd a=2 . 2-a a=2.2-a
paa | T RS ] Vres)
221;0 a2 2a+5 w 8 ) 8 F(%)F(GTI),
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2a+ 5
( “6+ € C\Z7 ) | (3.3)
e Put @ = a,p8 = %,g = %,z = % in (2.4) and applying the result

recorded by Andrews et al. [2, p.177, Question 3(b)], we have

12a+5 1. 4a4+1 4a—5. 4a+1.
2 s o020 LT T V2-1+v2-1 B
210 2a—1 4a+3 .  12a45 . . \/ﬁ—l—l’\/ﬁ—l—l

2 0 T4 8 T

2 V(ML 3 _
= (4-2v2)" (mg)r(i) : (a—|—4 e C\Z ) (3.4)

2

e Put a = 4, B = 1;2a g= 46‘;1, z= % in (2.4) and applying the result recorded

by Spiegel [40, p.894], Luke [23, p.273, Equation (6.8.20)] see also [21], [22]
and [39], we acquire

5—2a -1 . l-a 2a—-3. 1-a. atl
F2:21 472 27 4027 11 _ QF( )F( 2 )
210 -1 4a4l1 . 5-2a . . 474 3F(2a)F( ‘ 1)’
40 2 - 4 T
1 _
<2a +5€C\Z; ) . (3.5)

2
recorded by Abramowitz [1, p.557, Entry (15.1.29)], Erd’elyi et al. [12,

p.104, Entry (2.8.53)], see also Per W. Karlsson [17, p.334, Equation (2.12)],

e Put a = 3,8 = %,g = —fadd , — %1 in (2.4) and applying the result

we achieve
4a+3 . 1. 2a+1 1.2a+1.
F232§1 4 ,a 1: T4 o 40 4 -1 -1 B (8)—211 F(%)F( 4g+3)
210 a—1 —4a+3 . 4a+3 . 373 9 1“(%)1‘*(—63-&-4 )
2 ’ 2 . 4 J 3
3 _

o Put = ¢, g =3¢ g = =38 » — =L in (2.4) and applying the result
recorded by Lavoie and Trottier [19, p.45, Equation (8)], we attain

3a3+2’ a—1 3a+1 =2 . 3a+l1.

F212?1 76 0 3 9 6 __1 __1 :(2)3a (
2:120 a;l a4 ‘ M ‘ . 8 Y 8 3

2 0 3 : 3 T
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(—a + % e C\Zy ) . (3.7)

e Put a =152, B =qa, g =% > = ¢ in (24) and applying the result

recorded by Per W. Karlsson [17, p.330, Equation (1.2)], we get

2a+3 —2a—1 . —6a—1. .
F2l i T2 4T 4 g B 3“F(6“;5)F(§)
PO o0t Gass . 2a03 . . 979| 4T (32)1(2)’
i 0 6 - 4 >
)
(a + 6 e C\Z, ) : (3.8)
e Put « = 52, f =a, g = 32 2 = { in (24) and applying the result

1
Z =
9

recorded by Per W. Karlsson [17, p.330, Equation (1.3)], we obtain

24a —3a
o AR O O IO VA N G )
O g serz . ozea . 979 4T(EHTG)
2° 3 2 »oTT
2
(a + 3 e C\Z, ) : (3.9)
e Puta= 3, = 2‘12“, g= %, z = 8 in (2.4) and applying the result recorded

by Per W. Karlsson [17, p.335, Equation (3.2)], we find

a+2 —a—1": 2a+1 —3a—2. 2a+1.
20 2 02 0 27 8 8 5%
2:2:1 _ a .
oyt 99| = 2(3%) sin(ra + F)
—a—1 2 . a+2 . .
2 7 3 ’ 2 ) ’

(3.10)

ePuta =3, B=a+1, g= %, z = g in (2.4) and applying the result
recorded by Per W. Karlsson [17, p.335, Equation (3.3)], we have

a+3 . —3a—3. .
S —a—1lra+1,=5== a+1;

a+3
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o Put a = 1_84“, =7 9= %, z = E—l) in (2.4) and applying the result

recorded by Per W. Karlsson [17, p.330, Equation (1.4)], we acquire

5-8a¢ —4a—-3 . —a =3 . —a .
) g8 0 4 208 0 2 0 11
2 5a| =
&40 —4a-3 8a+5 . 5-8a . .99
g8 4 © T8 T
_ @) L) I () <2a+§ c C\Z; ) | (3.12)
(3°)D(*52)D(B#4E2)0(3)) 4

e Put a = 1;4“, =5, 9= Satd 2 = % in (2.4) and applying the result

recorded by Per W. Karlsson [17, p.330, Equation (1.5)], we achieve

5-8a —4a-3 . —a =3. —a . .
. 8 4 o200 80 2 0]
F221 g
S 8a+9 . 5=8¢ . . 99
8 4 : 8 ’ ’
T2 T () T (F) ( 9 _ )
= {204+ -€C\Zy ). 3.13
(35(1)1"(3(1;-4)1—\ (1261-517) T (g) 4 \ 0 ( )

o Put o =3¢, g =12l ¢ = L4l > — 8y (24) and applying the result

recorded by Per W. Karlsson [17, p.335, Equation (3.4)], we attain

24a+5 . 12a+1 =5 . 12a+1.
2ats 3, 1 1241 5 12041

_ () T(E) T (*52) T ()T (5)
I TESHINEGRIT (6)

: (4a+ % e C\Z, ) . (3.14)

12

3a B — 12a—1 _ 12a+1

e Put o = 3, , g =5 2= g in (2.4) and applying the result

recorded by Per W. Karlsson [17, p.335, Equation (3.5)], we get

gF(é) | (4(”%6@\20 ) (3.15)
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e Put o = 100 g =3¢ o — ¢ 5 — 8in (2.4) and applying the result
recorded by Kummer [18, (v-6)]Kummer 1836, see also Per W. Karlsson [17,
p.335, Equation (3.1)], we obtain

12443 6a—1 .3a -1. 3a .
o [ IR o] enreasre
POl 6a1 12042 . 12043 . o 9’9 F(%)F(%QH) 7
T3 a4 > ’
2 _
(4a +3eC\Z > . (3.16)
e Put a=§, =7, g=3a, z= 7 in (2.4) and applying the result recorded
by Luke [23, p. 273 Equatlon (6. 8 18)] we find
2a+3 a—1-: 1 2a-3. 1. o
| T s a] 1oy rer
O e g, 2043 44 27/ [I(2a)]*
2 4 ) T
(3a e C\Zy ). (3.17)
e Puta=1 =3, g= 5_7“, z = = in (2.4) and applying the result recorded
by Prudnikov et al. [26, p.494, E uatlon (13)], we have
at3 1.a l-a. a 1 1 3 5
. 20 tra20T2 2 ] —a a
F22 ) ) ( ecz—).
20 | | i s 5 9 3 \Zy
20 2 2 0 T

(3.18)

e Put a = 4%, =22 g=2¢1" > = =lin (24) and applying the result

recorded by Prudnikov et al. [26, p.494, Equatlon (14)], we acquire

ﬁl,a—l 2—a ’3a—4’ 2—_(1’ “
B VG &
: a1 2a+1 a+4 373 (5) [T (e£1)]*
iy 2 —; 3 [T ()]
2 1
< “; € C\Zs ) (3.19)
e Put a = }1, B=5 9= %, z = 1—‘[ in (2.4) and applying the result

recorded by Prudnikov et al. [26, p.494, Equatlon (16)], we achieve

2a+3 =1 .a —2a—1. a .
2:2:1 4 2 27 4020 142 1-V2
Iy
2:1;0 2 ) 2
-1 2a+3 . 2a4+3 . .
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F 2a+43 2
S S . ( 3 o\zs ) . (3.20)

e Put a =3, = 6 , g = 2“+5, z = 3‘[ in (2.4) and applying the result
recorded by Prudnikov et al. [26, 98, p. 495 Equation (22)], we attain

2at5 o1 .2-a da=5 . 2-a.
2:2:1 67 "6 06 0 6 4—-3v2 4-3V2
F2:1 0 )
a-l 2a+5 .  2at5 . : 8 8
2 6 - 6 0 T
2) 2 I(2e45) 2a+5
=z VM amirasy e C\Zy |. (3.21)
(3 D(E2)0(%°) 6 ’
e Puta =%, = “, g = 3_2“, z = 2—‘[ in (2.4) and applying the result
recorded by Pr udmkov et al. [26, 98, p. 495 Equation (25)], we get
3—2a a—1 2—3a 4a—3. 2-3a.
22l 2 2020 2 24323
2:1;0 a1 3-2a | 320 . . 4 ’ 4
2 2 2 0 T
337‘1F 4 F 3—2a 3 -9
= (2a1)(3) ( 4232 : ( 2 C\Z, > : (3.22)
2 Vv T (52) 2
e Puta =%, 8 = 22a, g = ’3“, z = % in (2.4) and applying the result
recorded by Prudnikov et al. [26 98, p.495, Equation (27)], we obtain
2—a 1 1-2a 3a—2. 1-2a
o [0 ] e ey (o
S P 2-a 99 T(3)r(He)
20 3 2 T

(4 _33“ € C\Zg > . (3.23)

o Put a = }1, =% 9= 5’24a, z= i in (2.4) and applying the result recorded
by Prudnikov et al. [26, 98, p.495, Equation (31)], we find

2a+3 =1 a —2a—1. a.
F2:2.1 4 0 92 9 4 02 11 22(1 ( ) r (5—240,)
1 —_ - _ — T)———% 7
20 =1 5—4a . 2a+3 . . 474 3 [F (%)]2’
4 2 ' 4 r T

(5 _24a € C\Z; > . (3.24)
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e Put a =3, 3= 1_22a, g=a+2, z= % in (2.4) and applying the result

recorded by Prudnikov et al. [26, 98, p.495, Equation (34)], we have

2—a a—1 . 1-2a 3a—2. 1-2a.

N =5 T2 T2 00 T2 11 2\ 2¢
2z L1y (2 |
2:1:0 33 (3) (a+1),

a—1 . 2—a . .
S, a+2 = —

(a+2€C\Zy ). (3.25)

e Puta=4%, =2 g=20tl > —2\/2-2in (2.4) and applying the result

recorded by Prudnikov et al. [26, 98, p.495, Equation (36)], we acquire

6a+5 a—1: 2a+1 2a—5. 2a+1.
8 Y ° 8 Y 8 Y 8 )
Fyy 2vV2-2), 2vV2-2)| =
a—1 2a+1 6a+5 .
27 2 8 T
24+v2) I (2e53) 20+ 1
= T , e C\Z, |. 3.26
( 2 )fP(aT“)N“Z—?’) - SEE ) 0

e Puta=3, 8= 2“:1, g=4da, z= % in (2.4) and applying the result recorded
by Prudnikov et al. [26, p.496, Equation (41)], we achieve

4a2—3 a—1-: Qaz-l —T?) %T—H‘ 38 1"(4 )
Y * ? ? Y a
Fry — | =2tk 3% ,
o e 0 r () TG)
(4a € C\Zy ). (3.27)

o Put o = 5, 8 = 4‘?2“1, g = %, z = 12¢/2 — 16 in (2.4) and applying

the result recorded by Prudnikov et al. [26, p.496, Equation (43)], see also
Brychkov [5, p.587, Equation (172)], we attain

10a+7 a—1": 4a+1  2a—T7. 4a+l.
12 12 012 0 12 0

FrE 12v/2 - 16,12v2 — 16
’ a—1 4atl 10a+7 .
20 3 : 2 0 T

2a _
2+/2 I (22 3% (34 2v2)ay/m I (2ats
:< +2\/_> \/7_TF a+l ; a+4 = ( T a\Jr/i’a_)F\/:+5( : )7 <328)
(55 T (%) (<) T (%5%)
a
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e Puta=%, = da-l g —4a—1, 2 = 12v/2 — 16 in (2.4) and applying the

4
result recorded by Prudnikov et al. [26, p.496, Equation (46)], we get

6a+1 a—1 - 4a—1 —2a—1. 4a—-1 .
9.9.1 4 4 4 4
FQ:.I;O o Gastl (12\/5 - 16)7 (12\/§ - 16)
Toda—1 0 HE S —
(2 4 V/2)% I'(2a)

, (4a—1€C\Zy ). (3.29)

4. Conclusion

In our investigation herein, we have presented several potentially useful summa-
tion theorems involving a family of double hypergeometric functions. In conclusion
we observe that many similar types of general double series identities which are re-
lated to other mathematical functions and are different from the given double series
identity, can also be evaluated and applied in an analogous manner. We remark
further that many of the results, which we have derived in this paper, are quite
significant and are expected to be beneficial for the researchers in several fields
of applied mathematics and mathematical sciences, and also in other branches of
science and engineering.
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